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ABSTRACT 
Let X,(F) he the kth largest eigenvalue of a forest F, and X(F) be the smallest 
positive eigenvalue of F. Let 1x1 be the largest integer not greater than x. It is shown 
that a forest F on n vertices has X(F) 2 XLn,zl(Plnp~) = 2cos{[n/2jk/2([n/2] + 1)) 
with equality iff n is even and F = Z’z,n,zl, a path with 21 tr/2] vertices. We also 
show that if T is a tree with n vertices and is neither a star K,, n_ 1 nor a tree Si_,, 
then ha(T) 2 1 where S,“_r is a tree obtained from a star Kr,+_+ and a path by 
joining a vertex of degree n - 3 of K,, n_3 aud a vertex of Pz. 
1. INTRODUCTION 
Let Gbeasimplegraphwithvertexset {vl,vs,...,v,,}.Twoedgesof G 
incident to the same vertex will be called adjacent edges. A matching of size 
q is a set of q edges no two of which are adjacent, and the largest such set is 
called a maximum matching. The size of the maximum matching is called the 
edge independence number of G. A vertex is said to be matched by the 
matching M if it is incident to an edge of M. The matching M of G is said to 
be a perfect matching if all vertices of G are matched by M. 
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The adjacency matrix of G is the n X n matrix A(G) = ( ci j) where 
1 
aij = 
if q is adjacent to uj, 
0 othemise. 
We shall denote the characteristic polynomial of A(G) by 
P(G, x) = det(xl- A(G)) = 5 a,x”-‘. 
i-0 
Since A(G) is a real symmetric matrix, its eigenvalues must be real and may 
be ordered as 
X,(G) 2 h,(G) 1 *. . 2 h,(G). 
Let h(G) be the smallest positive eigenvalue of G. GodsiI [2] has shown that 
if F is a forest with 2s vertices with a perfect matching, then X(F) = X,(F) 
2 X,(P,,) with equality iff F = Ps,, where Pz, is a path on 2s vertices. In this 
note, we generalize this result. It is shown that a forest F with n vertices has 
V) 2 +“,&,“,2, 
ln/2Jr 
) =2cos( Z(~n,Z,+l) 1 
with equality iff n is even and F = P,,,,,,, where 1 x ] denotes the largest 
integer not greater than x and P2,,,sl is a path on 2[n/2] vertices. We also 
show that if T is a tree with n vertices and is neither a star K,, n _ i nor a tree 
Sz_s, then Aa(T) >, 1, where Si_s is a tree obtained from a star Kl,n_3 and a 
path Ps by joining with an edge a vertex of degree n - 3 of K,, n_3 and a 
vertex of Pz. 
2. LEMMAS AND RESULTS 
LEMMA 1. The coefficient ai ofP(G, x) are given by 
a, = C ( - l)k(H)2c(H), 
H 
where the summation extends over aU subgraphs H of G on i vertices whose 
components are either single edges or circuits, and where k(H) and c(H) 
denote, respectively, the numbers of components and circuits in H. 
Proof. see [l]. n 
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LEMMA&. LetFbeafbzestwithnuertices,andtheedgei~&e 
number be 9. Then h,(F) is the smalkst positive eigenualue of F. 
Proof. This follows from the coefficient of the characteristic polynomial 
of the adjacency matrix of a forest F. n 
LEMMAS. LetV’beasubsetofuerticesofagraphG. ByG-V’we 
denote the subgraph obtained jknn G by deleting all the uertices in V’ 
together with in&dent edges. Zf V’= {u}, we denote G- (u} by G-u. 
A,(G) a X,(G -V’). 
Proof. see [l]. n 
LEMMA 4. Zf F is a forest with 2s uertices and edge independence 
nun&r s, then 
k(F) 2 UP,,) 
with equality iff F s Pz,, where Pz, is the path on 2s uertices. 
Proof. see [2]. n 
LEMMA 5. Let F be a forest with n vertices and edge independence 
number 9. Then 
with equality iff F s Pe,, where Pzq is the path on 29 uertices. 
Proof. Let M be a maximum matching of F. Let V’ be the set of all 
unmatched vertices of F by M. Then, by Lemmas 2-4, we have 
X(F)=X,(F),X,(F-V’)>,X,(P,,). 
It is easy to show that equality holds iff F = Paq. n 
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THEOREM 1. Let F be a forest on n vertices, 1 x 1 the hugest integer not 
greater than x. Then 
X(F) z A,&,) = 2~0s & , i i 
where t = [n/2], with equality iff n is even and F s P,,. 
Proof. Let the edge independence number of F be q; then q < t. By 
Lemma 5, we have 
X(F) = X,(F) >, X&P,,) =2cos & 
i 1 
ta 
a cos 2t + 1 i 1 
with equality iff all inequalities in the above argument must be equalities. 
This occurs when n is even and F z Pz,. n 
Denote by SleA (A < n - 2) the tree obtained from a star K,, A_ 1 and a 
path P,, _A by joining with an edge a vertex for degree one of P,_A to the 
vertex of degree A - 1 of K,, A_ 1. For example, 
‘\.i._. ‘\ 
.’ ‘. ./*-•-•-’ 
SL s3” 
It is easy to show that 
THEOREM 2. Let T be a tree with n > 3 vertices that is neither the star 
K l,n_l nor the tree S,2_2. Then 
h,(T) k 1. 
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Proof. If T is isomorphic to P,,, since T f Sz_2, it follows that n > 4. By 
Lemma 3, we have h,(T)>, h,(P,) = 1. Otherwise, let d(o)>, 3 be the 
maximum degree of the tree T. Consider T - u. Since T 2 K1,,_l, T - u has 
at least one component that is not an isolated vertex. If T - u has at least two 
components that are not isolated vertices, then by Lemma 3 we have 
h,(T) > 1. If T - o has exactly one component that is not an isolated vertex, 
say T,, we have Tl = Pz, since T g S,f_,. Let q be the neighbor of u in T,, 
and di(u,) be the degree of ui in Tl. If di(u,) = 1, then T has an induced 
subgraph Si. Otherwise, T has an induced subgraph Tj3 that is the tree 
obtained from the disjoint union of two copies of K,,, by joining with an 
edge one of the vertices of degree two to another vertex of degree two. By 
Lemma 3, either X,(T) z A,($?) = 1.176 > 1 or X2(T) 2 X,(Tj3) = 1. This 
completes the proof of the theorem. n 
COROUARY. L.et T be a tree with n > 3 vertices which is not isomorphic 
to K1,,_1. Then 
X,(T) z A,( Sf_2) = 
n-1-+3)2+4 
2 
with equality ifi T G Si_,. 
Proof. This follows from Theorem 2. n 
Finally, we pose the following conjecture: 
Let T be a tree with n vertices and edge independence number q. For 
2<kgln/2], if q>,k, then 
with equahty iff T = S,“!,f+,. 
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